We find symmetries and symmetry reductions of the Robinson-Trautman equation.
Introduction
In 1960 Robinson and Trautman introduced [1] a class of space-times admitting a diverging shear-and twist-free congruence of null geodesics. Such space-times, if asymptotically Minkowskian, are believed to describe gravitational radiation outgoing from spatially bounded sources. Recent numerical results suggest that the Robinson-Trautman metrics can be used to estimate the mass loss during the final phase of the collision of two black holes [2] .
In terms of coordinates u, r, ξ,ξ the Robinson-Trautman metrics are given by [3] g = 2du(Hdu + dr) − 2r 2 P −2 dξdξ ,
where H and P are functions and P is independent of r. Vacuum Einstein equations imply H = −r∂ u ln P − m(u)/r + P 2 ∂ ξ ∂ξ ln P
and a fourth order equation for P , referred to as the Robinson-Trautman equation:
Using a coordinate freedom m can be transformed to a constant. The Gaussian curvature K of surfaces of constant u and r is given by
Existence of regular solutions of equation (3) has been recently examined [4, 5, 6] . Also, their large u asymptotic behaviour is known [7, 8] . These results, however, do not give any hint of how to look for explicit solutions. Only a few of them are known since 1960, none of them being asymptotically flat except for the cases of the Minkowski and the Schwarzschild metrics.
Assuming asymptotic flatness of metrics (1), the Bondi energy [9, 10] , the Bondi mass aspect and the news function were found in terms of P [11, 5, 12, 13] . Asymptotic flatness of (1) with positive m follows from the assumption that in the gauge m = 1 the functionP = P/(1 + 1 2 ξξ) is positive and regular on R × S 2 , ξ being interpreted as a complex stereographic coordinate on S 2 .
The subclass of metrics with m = 0 is characterized by the fact that K is a solution of the Laplace equation, so K must be either constant or singular. No nontrivial asymptotically flat metric exists in this subclass.
In the present paper we consider symmetries of the Robinson-Trautman equation and its symmetric solutions. Some of them might give rise to asymptotically flat metrics with a simple dependence on the time u. This research may also be of help for studying the numerical solutions of the Robinson-Trautman equation, providing natural ansatzes with smaller number of variables than in generic situations. 
where a = 0 and b are real constants and f is a holomorphic function of ξ and f .ξ = 0. If (6) is supplemented by
the corresponding metric transforms as g → a 6 g. Thus, (6) together with (7) induces a homothety of the metric. It is an isometry when a = 1. Transformations (6) parametrized by two constants a and b and one function f form a group. Denoting such a transformation by (a, b, f ) we see that its inverse is given by
and the following composition law holds:
Infinitesimal transformations corresponding to (6) are given by the vector field
where A and B are real constants and F is a holomorphic function of ξ.
Solutions invariant with respect to the transformations generated by (10) satisfy the following linear equation:
We begin our discussion with solutions possessing one symmetry. Using (6) we can simplify the coefficients A, B and the function F in (10) . For instance, if A = 0, B = 0 and F = 0 we can scale u and ξ so that B = 1 and F = ξ. This gives
Using such simplification, we distinguish the five cases presented in Table 1 .
Solutions with two symmetries
There are two nonisomorphic 2-dimensional Lie algebras whose generators k 1 , k 2 satisfy either
The Lie bracket of two fields given by (10) reads
where the indices 1, 2 refer to vectors k 1 , k 2 respectively.
Abelian case
Equation (13) implies
It follows from (16b) that F 1 is proportional to F 2 and (16c) is satisfied. Due to (16a) we can assume without loss of generality that A 2 = B 2 = 0. Then F 2 = 0 and using the gauge freedom in ξ we can set F 2 = i. Then F 1 = C = const ∈ R follows from (16b) and the remaining freedom in choice of k 1 . Therefore, the symmetry generators are
Invariance of a solution P of (5) with respect to k 2 implies
where x = Re ξ. Invariance with respect to k 1 gives
Functions satisfying equations (18) and (19) and the corresponding reductions of the Robinson-Trautman equation are presented in Table 2 (in Tables 2, 3 and 4 the symbol p ′ denotes a derivative of p with respect to its argument.) This class of solutions contains the so-called C-metrics [14, 15] . A simple example is given by P = (u + x) 3 4 , m = const > 0.
Nonabelian case
Condition (14) gives
It follows from (20a) that
Differentiating (20b) and its complex conjugate we conclude that (20c) follows from (20b). Proceeding as in the subsection 3.1 we obtain results summarized in Table 3 .
Solutions with more symmetries
All Lie algebras of dimension greater than three contain a three-dimensional subalgebra. Let k i , i = 1, 2, 3, be its generators. In the case of Bianchi type VIII or IX one obtains A i = B i = 0 (see (15) ). The fields k 1 , k 2 and k 3 are tangent to a two-dimensional surface and invariant solutions are excluded. For all other Bianchi types the algebra contains a two-dimensional abelian subalgebra. One can construct invariant solutions as special cases of those described in Table 2 . After lengthy calculations one obtains only the trivial solution P = const or P = x 3/2 given by Robinson and Trautman [16] . These are also solutions of the Robinson-Trautman equation for m = 0. Thus, assumption of three or more symmetries does not lead to any new interesting solutions.
Suppose now that m = 0. In this case Eq. (3) can be integrated to a second order equation,
where φ is holomorphic with respect to ξ. If φ ,ξ = 0, one can transform (22) to the equation
Denoting x = Re ξ and substituting
into (23) we get
where ∆ = x 2 ∂ ξ ∂ξ is the Laplace operator on a pseudosphere with the metric
which can be put into the standard form
by means of the transformation ζ = (ξ + 1)/(ξ − 1). ∆ is preserved by transformations of the form
corresponding to an action of SL(2,R) on a pseudosphere. It follows from (28) that infinitesimal transformations are generated by vector fields of the form
where A, B and C are real constants. Using symmetry transformations we can distinguish three types of invariant solutions as shown in Table 5 . Given a solution of (23) we can apply the transformation ξ ′ = f (u, ξ) to obtain a class of solutions of (22).
Note that the only solution of Eq. (25) invariant with respect to two independent fields of the form (29) is p = 8/3 which gives the well known solution P = const · x 3/2 discussed in Ref. [14] .
Discussion
We have examined the point symmetries of the Robinson-Trautman equation (3) . Forms of invariant solutions were given, as well as the corresponding reduced equations. Note that all known [3] exact solutions of (3) have two or three symmetries and belong to one of the cases considered here.
Assumption of symmetry does not seem to exclude regular solutions corresponding to asymptotically flat metrics. The coordinates ξ,ξ used in Tables 1-5 
which means that P behaves like e |x| f (u) for large |x|. For instance, such behaviour seems likely for solutions belonging to the class A.3. 
